Given a planar domain , we study the Dirichlet problem
Introduction
In this paper we consider the following Dirichlet problem on a bounded open set ⊂ R Here A : × R  − → R  is a mapping of Leray-Lions type [] , that is,
A(·, ξ ) is measurable for all ξ ∈ R  , and
A(x, ·) is continuous for almost every x ∈ .
(.)
Moreover, we assume that there exists K ≥  such that, for almost every x ∈ and for any ξ , η ∈ R  , To this aim, the following estimate was proved for  ≤ β ≤ : 
The aim of this paper is to extend the results of
, that is, to prove the following:
and the following estimate holds:
In order to prove this theorem, we will find an integral expression equivalent to the Luxemburg norm in the Zygmund class (see Theorem .), which is based on a method recently introduced in [, ].
We note that our method allows us to prove estimates (.) and (.) for any β ≥  (in particular, see Lemmas . and .).
Preliminaries
Let be a bounded domain in R n , n ≥ . A function u belongs to the Lebesgue space
. Now we recall some useful function spaces slightly larger than the classical Lebesgue spaces.
Grand Lebesgue spaces
For  < p < ∞, let us consider the class, denoted by L p) ( ), consisting of all measurable 
In general, if  < α < ∞, then we can define the space L α,p) ( ) as the space of all measurable
Orlicz spaces
Let be an open set in R n with n ≥ . 
L ( ) is a Banach space equipped with the Luxemburg norm
Examples of Orlicz spaces:
() If (t) = t p (log(a + t)) q with either p >  and q ∈ R or p =  and q ≥  and where
() If (t) = t p (log(a + t)) q  (log log log(a + t)) q  with either p >  and q  , q  ∈ R or p =  and q  , q  ≥  and where a ≥ e e e , then L ( ) is the space
The Young complementary function is given bỹ
where
Moreover, the following Hölder-type inequality holds:
for f ∈ L ( ) and g ∈ L˜ ( ).
for some constant C ≥  and all s > .
By the Riesz representation theorem, if and˜ belong to the class  , then the dual space of L ( ) is L˜ ( ). Now we recall the explicit expression of the duals of some Orlicz spaces (see [-]). 
Given two Young functions and , we say that dominates globally (respectively near infinity) if there exists a constant k >  such that whose distributional gradients ∇u belong to L . This is a Banach space with respect to the norm given by
As in the case of the ordinary Sobolev space, W ,
Orlicz-Sobolev imbeddings
Proof Since is a Young function, by definition we have
where φ is equivalent near infinity to
For large s, we have
, and we will prove that, near infinity,
We begin with the case δ ≤ . Then we can state that there exists c >  such that
Similarly, in the case δ > , there exists c ∈ (, ) such that
Hence, (.) is proved, and then it is not difficult to check that
By the definition of a complementary Young function, for large y, we obtain that
Given a Young function such that . Then
Proof By (.) we have that
Moreover, as shown in the proof of Lemma ., the inverse function H -  (s) is equivalent near infinity to By (.) we obtain that
and we conclude that 
Equivalent norm on the Zygmund spaces
The main tool of this section is to obtain an integral expression equivalent to the Luxem-
If f is a measurable function on , we set
( ) is a norm equivalent to the Luxemburg one, that is, there exist constants
Moreover, for any measurable function f and for a.e. x ∈ , if a ≥ e e e , then we have
and so we deduce
× log log log a + |f | -β .
Integrating over , we get
Then we multiply for ε γ - and integrate between  and ε  to obtain:
Thanks to Lemma . of [], used with the choice b = a + |f |, we obtain that there exist two constant C  , C  , depending only on γ and ε  , such that
where C  is a constant independent on f . By homogeneity, for any measurable f , we get
Before proving the converse, we recall that
Indeed, if we fix a ≥ e e e and proceed as in Lemma . in [], using the Hölder inequality and the inequality
we obtain |f | q-σ log log log a + |f |
Hence, elevating both sides of this inequality to the power 
and passing to the supremum with respect to σ ∈ (, q -], we get formula (.) with
by (.), then there exists a constant C  independent on f such that
by (.) and (.) we get
where the constant C  is independent on f . By homogeneity we conclude the proof, obtaining
Proof of Theorem 1.1
In this section, before proving Theorem ., we state a regularity result for elliptic equations with right-hand side in divergence form. For convenience of the reader, we recall Theorem . of [].
Theorem . Let A = A(x, ξ ) be a Leray-Lions mapping that satisfies (.). Then there exists
has a unique solution and
where C(K) >  depends only on K . , and
where C = C(K) >  is a positive constant that depends only on the parameter K .
If γ >  and β ≥  are fixed, using Theorem ., we obtain
For β = , by Theorem . we get
If β > , then with a suitable choice of λ  , by Theorem  in [] and Theorem ., we get
Using again Theorem . in the last term, we have
Now we are in position to prove the main theorem.
, we can ensure (as already observed) that (.) has a unique finite energy solution v ∈ W ,  ( ). In order to prove Theorem ., we want to apply the regularity result given by Theorem .. To do this, as already showed in the papers [, , ], and [], we need to linearize problem (.). We will use a linearization procedure introduced in [] that preserves the ellipticity bounds.
For shortness, we do not give all the details of the linearization procedure, and we refer, for example, to proof of Theorem . in [] . So we know that there exists a symmetric, definite positive, and measurable matrix-valued function B = B(x) such that
Then, the unique finite energy solution v ∈ W ,  ( ) of (.) with f ∈ L ( ) solves also the following linear problem:
that is,
The case β = 0 and , then we fix
and we consider the unique finite energy solution ϕ to the linear Dirichlet problem
where B(x) is the matrix given by the linearization procedure. By Theorem . we have
and so, using Lemma ., we obtain and K . Thanks to the fact that v satisfies the linear problem (.) and that B(x) is a symmetric matrix, using Lemma . and the Hölder inequality between the complementary spaces L ( ) and L ( ), by (.) we obtain that, for any χ ∈ C  ( ; R  ) such that χ L  (log L) -(δ-) (log log log L) -β ( ) ≤ , we have 
Remark . In []
, it was proved that the linearization procedure holds in any dimension with the following ellipticity bounds:
We would like to point out that the linear growth of A(x, ξ ) with respect to ξ is absolutely essential for the previous results. The main difficulty with the n-harmonic-type equations (n = ) is due to the lack of uniqueness for very weak solutions.
